It is shown that the non-relativistic ground state energy of helium-like and lithium-like ions with static nuclei can be interpolated in full physics range of nuclear charges Z with accuracy of not with fitting some parameters at intermediate Z.
I. INTRODUCTION
Let us consider the Coulomb system of the k electrons and infinitely-heavy charge Z:
(k e, Z) with a Hamiltonian
where r i is the distance from charge Z to ith electron of mass m = 1 with electron charge e = −1, r ij distance between the ith and jth electrons, = 1. It is universally known that for every k there exists a certain critical charge Z c above of which, Z > Z c , the system gets bound forming a k electron ion. We also know that total energy of bound state E(Z) as the function of Z is very smooth, monotonously-decreasing negative function with the growth of Z eventually approaching the sum of the energies of k Hydrogenic ions.
For two-electron case, k = 2 (H − , He, Li + etc) with infinitely heavy charge Z (we will call it the static approximation) the spectra of low-lying states was a subject of intense, [3] . A time ago Nakashima-Nakatsuji made the impressive calculation of the ground state energy of the 3-body problem (2 e, Z) with finite mass of nuclei [4] . It was explicitly seen that taking into account the finiteness of the nuclear mass changes in energy the 4th significant digit for Z = 1, 2 and the 5th one for Z = 3 − 10 (in atomic units). In present paper, inside of the Lagrange mesh method [5] we check and confirm the correctness of all 12 s.d. in both cases of infinite and finite nuclear masses for Z = 1−10 obtained in [2, 4]; we also calculate ground state energies in both cases of infinite and finite nuclear masses for Z = 11, 12, 20, 30, 40, 50
with not less than 10 d.d. It is worth mentioning that for Z = 2 the energy difference for infinite and finite nuclear mass cases, see below Table I , coincides with the sum of the first three orders in mass polarization in 11 d.d. [6] .
For three-electron case k = 3 (Li, Be + etc) accurate calculations of the ground state energy for Z = 3 − 20 were carried out in [7] for both cases of infinite and finite nuclear masses. We believe that, at least, 10 s.d. obtained in these calculations are confident.
The effect of finiteness of the nuclear mass changes 4th -3rd decimal digit in the energy (in atomic units) when moving from small to large Z. For Z = 15 − 20 (and for infinite nuclear mass) the check of compatibility of obtained results with 1/Z-expansion was also made: 5-6 d.d. in energy coincide [7] . This coincidence provides us the confidence to the correctness of the number of decimal digits which is sufficient for our purposes. Note that finite mass effects were found in this case perturbatively, taking into account one-two terms in the expansion in electron-nuclei reduced mass. We are unaware about any calculations of the ground state energy of the four-body problem (3 e, Z).
Aim of the present paper is to construct a simple interpolating function for the ground state energy in full physics range of Z for k = 2, 3 which would provide for ground state energy in the case of infinitely heavy nucleus (the static approximation) not less than 6 d.d.
exactly. Such a number of exact figures is definitely inside of domain of applicability of non-relativistic QED with static nucleus.
As the first step we collect data for the ground state energies available in literature for the cases of both infinite nuclear masses and finite nuclear masses (taking into account the masses of the most stable nuclei, see [9] ) for two-and three-electron systems, see Table I , II, respectively. This step is necessary in order to evaluate the effects of finite nuclear mass to the ground state energy: what significant (decimal) digit in energy is changed.
For k = 2 the energies for Z = 0.94, 11, 12, 20, 30, 40 , 50 were calculated, see Table I, employing the Lagrange mesh method [5] and using the concrete computer code designed for three-body studies [10, 11] . This method provided systematically the accuracy of 13-14 s.d. for the ground state energy of various 3-body problems [11] . As for Z = 1 − 10 the results (rounded to 10 d.d.) obtained in [2, 4] are also presented. All these energies were recalculated in the Lagrange mesh method and confirmed in all displayed digits in Table I .
Note that for non-physical charge Z = 0.94 we choose the nuclear mass M n = 1501.9877m e following the straightforward interpolation based on of the semi-empirical Bethe-Weizsäcker mass formula. Taking into account leading relativistic and QED effects obtained in [12] for Z = 2 − 12 one can see that they leave unchanged the first 3 -4 s.d. in the ground state energy. Systematically, the finite-mass effects are positive and increase the ground state energy, while the QED and relativistic corrections are negative and tend to decrease the ground state energy.
For k = 3 (three-electron ions) and infinite nuclear mass the results by Yan et al, [7] are presented in Table II . Recently, for Z = 3, 4 they were recalculated by Puchalski et al, [8] using the alternative method and were confirmed in 9 d.d., while 10-11 d.d. were corrected. As for finite nuclear mass case for Z = 3 − 8 the six d.d. only can be considered as established, except for Z = 8, see [7, 8, 13] . Note that for Z = 3, 4 the sum of the leading QED and relativistic corrections is of the same of order of magnitude as mass polarization but of opposite sign [8] . They leave unchanged 3-4 s.d. in the ground state energy in static approximation.
Expansions. It is well known that at large Z the energy of k-electron ion in static approximation admits the celebrated 1/Z expansion,
where B 0 is the sum of energies of k Hydrogenic atoms, B 1 is the so-called electronic interaction energy, which usually, can be calculated analytically. In atomic units B 0,1 are rational numbers. In particular, for the ground state at k = 2 [14] , respectively, where B 2 is the so-called electronic correlation energy. The expansion (2) for k = 2 has a finite radius of convergence, see e.g. [15] .
In turn, at small Z, following the qualitative prediction by Stillinger and Stillinger [16] and further quantitative studies performed in [17] , [18] , there exists a certain value Z B > 0 for which the energy is given by the Puiseux expansion in integer and half-integer degrees
where E B = E(Z B ). This expansion was derived numerically using highly accurate values of ground state energy in close vicinity of Z > Z B obtained variationally. Three results should be mentioned in this respect for k = 2, 3: (i) Z B is not equal to the critical charge,
1/2 is absent and, (iii) seemingly the expansion (3) is convergent. In particular, for the ground state at k = 2 [18] the coefficients in (3) are,
while for k = 3 [18, 19] ,
respectively.
Interpolation. Let us introduce a new variable,
It can be easily verified that in λ the expansion (3) becomes the Taylor expansion while the expansion (2) is the Laurent expansion with the fourth order pole at λ = ∞. The simplest interpolation matching these two expansion is given by a meromorphic function
which we call the generalized, two-point Pade approximant. Here P, Q are polynomials
with normalization Q(0) = 1, thus, b 0 = 1, the total number of free parameters in (7) is
The interpolation is made in two steps: (i) similarly to the Pade approximation theory some coefficients in (7) are found by reproducing exactly a certain number of terms (n 0 ) in the expansion at small λ and also a number of terms (n ∞ ) at large λ-expansion, (ii) remaining undefined coefficients are found by fitting the numerical data, which we consider as reliable, requiring the smallest χ 2 . It is a state-of-the-art to choose (n 0 ) and (n ∞ ).
For both cases k = 2, 3 in (7) we choose N = 4, which is in a way a minimal number leading to six decimal digits in fit of energy. It is assumed to reproduce exactly the first four terms in the Laurent expansion (2), n ∞ = 4, and the first three terms in the Puiseux expansion (3), n 0 = 3. Thus, we consider the generalized Pade approximant gPade(8/4)(λ(Z)) 3,4 .
The remaining six free parameters in
are found making fit. For k = 2 data from Table I , obtained by Nakashima-Nakatsuji [2] and via the Lagrange mesh method [11] , are fitted. While for k = 3 data from Table II by Yan et al [7] are used. In Table III the optimal parameters in gPade(8/4)(λ) 3,4 for k = 2, 3 are presented.
It is interesting to find from gPade(8/4)(λ(Z)) 3,4 the coefficient in front of λ 3 in the expansion (3),
3,f it = −0.09126923 .
They are quite close to accurate ones in (4), (5). In general, expanding the function gPade(8/4)(λ(Z)
) with optimal parameters, see Table III , around Z = Z B we get
and compare with (4)-(5).
In Table I and II the results of interpolation for k = 2 and k = 3 are presented, respectively. In general, difference in energy occurs systematically in seventh or, sometimes, in eighth decimal for all range of Z studied even including unphysical values Z = 0.94 for k = 2 and Z = 2.16 for k = 3. However, at k = 3 and Z > 14 the difference occurs (nonsystematically) at one-two portions in sixth decimal. We do not have an explanation of this phenomenon. It might be an indication to an inconsistency of the variational energies and 1/Z-expansion found in [7] . From other side, not less than 7-8 significant digits in energies are reproduced exactly in the whole range of physically relevant Z presented in Tables I,II . it coincides with 1/Z expansion, see [3] , in all displayed digits) and [4] (finite nuclear mass, it coincides with
Lagrange mesh results in all displayed digits, see text); for Z = 11, 12 [3] (for infinite mass) and Lagrange mesh results (for finite nuclear mass); as for Z = 20, 30, 40, 50 the Lagrange mesh results presented for both infinite and finite nuclear mass cases; for infinite nuclear mass case it is compared with fit (7).
For infinite mass case (2nd column), underlined digits remain unchanged due to finite-mass effects (after its rounding), digits given by bold reproduced by fit (7) [20] (infinite nuclear mass);
for Z = 3 − 20 [7] (infinite and finite nuclear mass cases); it is compared with fit (7). For Z = 3, 4 finite mass results in second row, see ( †) , from [8] . For Z = 3 . . . 8 finite mass results in third-second rows are from [13] with the absolute difference calculated with respect to the infinite mass results of [7] ;
for infinite nuclear mass case it is compared with fit (7).
For infinite mass case (2nd column), underlined digits remain unchanged due to finite-mass effects (after its rounding), digits given by bold reproduced by fit (7) Note the analysis of relativistic and QED corrections for two-electron system performed for Z = 2 − 12 in [6, 12] shows that they are small or comparable with respect to the mass polarization effects for Z = 1, 2, 3 and become dominant for large Z > 3. Similar analysis of relativistic and QED corrections of three-electron system, performed for Z = 3, 4
in [8] , shows that they contribute to the 1st significant digit in the energy difference between infinite and finite mass cases. For both cases of 2-and 3-electron systems the question about the order of relativistic and QED corrections for large Z needs to be investigated. We can only guess that for both systems the domain of applicability of static approximation for any It seems natural to assume that the similar interpolations have to provide reasonable accuracies for excited states of above systems and even for other many-electron atomic systems. It also gives highly accurate results for on-dimensional anharmonic oscillators. It will be presented elsewhere [19] .
Note that a similar two-point interpolation works extremely well for simple diatomic molecules H + 2 , H 2 and HeH matching perturbation theory at small internuclear distances and multipole expansion, when for the first two systems the instanton-type, exponentiallysmall contributions at large distances are included. It provides 4-5-6 figures at potential curves at all internuclear distances but 6 figures (!) for energies of rovibrational states [21] .
These results are in domain of applicability of Bohr-Oppenheimer approximation as well as non-relativistic QED.
